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hange interations between shallow enters in doped
semiondutors
L.P. Gor'kov and P.L. Krotkov
National High Magneti Field Laboratory, Florida State University, Tallahassee FL 32310, and
L.D. Landau Institute for Theoretial Physis, Russian Aademy of Sienes, 2 Kosygina st., 117334 Mosow Russia
(Dated: June 09, 2003)
The method developed in [L. P. Gor'kov and L. P. Pitaevskii, Sov. Phys. Dokl. 8, 788 (1964); C.
Herring and M. Fliker, Phys. Rev. 134, A362 (1964)℄ to alulate the asymptoti form of exhange
interations between hydrogen atoms in the ground state is extended to exited states. The approah
is then applied to shallow enters in semiondutors. The problem of the asymptoti dependene of
the exhange interations in semiondutors is ompliated by the multiple degeneray of the ground
state of an impurity (donor or aeptor) enter in valley or band indies, rystalline anisotropy and
strong spin-orbital interations, espeially for aeptor enters in III-V and II-VI groups semion-
dutors. Properties of two oupled enters in the dilute limit an be aessed experimentally, and
the knowledge of the exat asymptoti expressions, in addition to being of fundamental interest,
must be very helpful for numerial alulations and for interpolation of exhange fores in the ase of
intermediate onentrations. Our main onlusion onerns the sign of the magneti interation 
the ground state of a pair is always non-magneti. Behavior of the exhange interations in applied
magneti elds is also disussed.
PACS number(s): 71.70.Gm, 71.55.Eq
I. INTRODUCTION
Ferromagnetism in diluted III-V semiondutors has
reently attrated onsiderable attention for tehnologi-
ally appealing possibility of integration of spin degrees
of freedom into semiondutor devies. In the most inten-
sively studied ompound of this group Ga1−xMnxAs the
ferromagneti transition temperatures in thin annealed
epitaxially grown layers as high as TC > 150K for x ∼ 8%
have been reported
1
.
The transition metal impurities in these materials sub-
stitute for the atoms of the III group and at as both
loalized spins (S = 5/2 for Mn due to half-lled d-shell)
and as aeptors doping the system with one hole. How-
ever, the system is highly ompensated presumably owing
to double donor antisites (V group elements substituted
for III group elements) and metastable interstitial tran-
sition metal impurities.
A major not fully resolved issue is the mehanism gov-
erning ferromagnetism in these ompounds. Despite high
disorder in these non-equilibrium epitaxially grown lms,
RKKY interation seems to be the most plausible ause
of Mn spin-spin interation
2
.
Meanwhile, we want to indiate that magneti in-
terations in semiondutors are not well understood
yet even in a muh simpler ase of eletrons loalized
on non-magneti impurities. Whereas two hydrogen
atoms at large distanes are known to interat anti-
ferromagnetially, the sign of the interation between
donors/aeptors is not obvious beause of the band
degeneraies as well as strong spin-orbital interation
present.
To the best of our knowledge, exhange interation be-
tween donors was onsidered only in Ref.
3
in the Heitler-
London approximation whih is known to be inorret
at large separations
4,5,6
. Besides, in Ref.
3
an isotropi
hydrogen-like model was adopted in ontrast to real semi-
ondutors that have strong anisotropy of ondution
band valleys. In Setion III below we ompare our re-
sults for donors to those of Ref.
3
.
The purpose of the present paper is to obtain asymp-
totially exat formulas for the exhange interation be-
tween two shallow enters at large separations. Although
our results are pertinent to low impurity onentrations,
this information would be neessary for interpolating re-
sults of numerial alulations to shorter inter-impurity
separations  higher impurity onentrations.
The Heitler-London sheme, whih onsiders exhange
with the alien atom as perturbation, is inappliable
4
to
eletron exhange at large separations R, beause the
tunneling takes plae through a region where intera-
tions with both atomi residues and between the ele-
trons themselves are omparable. As a matter of fat, the
Heitler-London expression for the exhange between two
hydrogen atoms inorretly hanges sign at large inter-
atom separations. The orret approah to the asymp-
toti exhange, that aurately aounted for the intera-
tion between the eletrons and ioni residues during the
exhange proess, was proposed in
5,6
. The magnitude of
the exhange was expressed as an integral of the proba-
bility urrent over the 5-dimensional median hyperplane
separating two regions of eletron loalization in their
6-dimensional oordinate spae.
Before proeeding to the orresponding problem in
semiondutors we list a number of extensions of the
method
5,6
to other problems in atomi physis. In
7
a gen-
eralization was made for two atoms with non-equal bind-
ing energies of eletrons in s-states. It turned out, how-
ever, that in order for the method to be appliable, the
two energies should be lose, whih severely restrited the
appliable range of R (see the disussion in8). In Ref.9
exhange integrals between degenerate s- and p- states
2have been alulated starting from Wigner-Witmer las-
siation of the moleular states (see also
10
). Exhange
integrals between higher orbital momentum l states were
alulated in
11
. In papers
12
the method
5,6
was applied to
get interpolated formulas down to small R and to study
two-dimensional eletrons loalized on out-of-plane im-
purities. But to the best of our knowledge, multiple
degeneray of donor or aeptor levels in real semion-
dutors has never been addressed.
In this paper we extend the median-plane method to
asymptoti exhange between shallow impurities in semi-
ondutors with loalized arriers in degenerate and non-
spherially symmetri bands. We also study how spin-
orbital interation and external magneti eld inuene
the exhange.
As is well known, the basis of desription of shal-
low impurity enters in semiondutors is the eetive
mass method
13,14
. Shallow eneters have small ioniza-
tion energy ompared to the forbidden gap, and, on-
sequently, the loalization sale muh larger than the
lattie onstant. Hene for shallow enters the poten-
tial binding arriers to the oppositely harged impurity
ion may be deemed of approximately Coulomb form:
V (r) = −e2/κr, where κ is the permittivity. Following
standard Kohn-Luttinger formalism
13,14
, the wave fun-
tion may then be expanded in many-eletron Bloh fun-
tions ψ(α)(r) at the extremum of the free band
ψ(α)(r) = ϕ(α)(r)ψ(α)(r), (1)
where α = 1, . . . ,Γ, and Γ is the band degeneray at the
extremum, and the envelope funtion ϕα(r) satises a
Shrödinger equation
Eϕα = − 12Dαβij ∂i∂jϕβ + V (r)ϕα (2)
with the eetive mass tensor Dαβij determined by the
rystal symmetry.
We have generalized the approah
5,6
to the form of
a seular equation, and in Setion II of the paper we
demonstrate the method on the example of two atoms
with degenerate states. The atomi problem has muh
in ommon with the ase of two aeptors. In Setion
III we treat shallow donors in III-V (and also group IV)
semiondutors where the ondution band has several
equivalent minima. Setion IV addresses the question of
asymmetri exhange in III-V semiondutors. Setion
V deals with aeptor impurities loalizing holes from
degenerate valene bands. In Setion VI the dependene
of the exhange on the applied magneti eld is studied.
In the losing setion we summarize our results.
II. TWO HYDROGEN-LIKE ATOMS 
SECULAR EQUATION APPROACH
Consider two idential atoms A and B loated at
−R/2 ≡ −R ˆζ/2 and R/2 respetively, eah having one
valent eletron outside of losed shells. Let an isolated
atom have degenerate states ϕν(r) with binding energy
−α2/2. Here ν are the quantum numbers desribing the
state. In entral-eld approximation ν stands for a set
of prinipal quantum number n, orbital momentum l, its
projetion m and spin projetion s. Heneforth we use
atomi units, i.e. measure lengths in units of the Bohr ra-
dius aB = ~
2/mee
2
, energies in units of 2Ry = mee
4/~2.
At large distanes
ϕν(r) ≈ CνY ml (rˆ)r
1
α−1e−αr, (3)
where Y ml (rˆ) is a spherial funtion, and Cν is the asymp-
toti oeient.
The two-eletron wave funtion ψαβ(r1, r2) in the ab-
sene of spin-orbital interation an be fatorized into
the produt of spin χαβ and oordinate ψ(r1, r2) parts,
where the former may be either a singlet S = 0 or a
triplet S = 1, and the latter is an eigenfuntion of the
Hamiltonian
Hˆ = − 12∂21 − 12∂22 − 1/r1A − 1/r2B (4)
− 1/r2A − 1/r1B + 1/r12 + 1/R.
Here S = s1 + s2 is the total spin and r1A = r1 +R/2,
r1B = r1 −R/2, et.
In (4) the rst row is the Hamiltonian of two isolated
atoms, while the terms in the seond row result from
bringing the two atoms to a nite separation. These
terms are taken as perturbation in the Heitler-London
approximation. The orret treatment of these terms has
to be aomplished in two stages.
First, if the possibility for the eletrons to tunnel be-
tween the two potential wells is negleted, this part of
the Hamiltonian may be expanded in multipole moments
over inverse powers of R. Perturbation theory alu-
lations then yield van der Waals orretions to the en-
ergy of eah eletron. We denote the energy of two ele-
trons with van der Waals interation taken into aount
as E0. Corresponding orretions to the diret produt
ϕνA(r1)ϕνB(r2) of isolated-atom wave funtions retain
eletron loalization. We denote these perturbed wave
funtions when the rst eletron is loalized on ion A in
the state νA and the seond  on ion B in the state νB
as ψνAνB .
Seond, overlap of the wave funtions of eletrons (3)
on the two atoms enables them to exhange position
by tunneling. This lifts the original degeneray in en-
ergies of the isolated-atom states. In ontrast to van
der Waals interations, the resulting exhange splitting,
whih exponentially dereases with distane, annot be
alulated perturbatively. One an use symmetry reason-
ing to onstrut the orret two-eletron wave funtions
from the loalized wave funtions ψνAνB and interhanged
PˆψνAνB ≡ ψνBνA . Then the energy splitting is found by
substituting those ombinations into Hamiltonian (4).
In the simplest ase when atomi states are eah only
doubly degenerate in spin projetion s, the orret two-
eletron funtions are symmetri and antisymmetri om-
binations of the loalized wave funtions
5
. As total
3fermioni wave funtion must be antisymmetri in parti-
le permutation ψαβ(r1, r2) = −ψβα(r2, r1), the singlet
state orresponds to a symmetri oordinate wave fun-
tion and the triplet state  to an antisymmetri one.
Hene the energy splitting between triplet and singlet
states is given by
Eex = −2J(R)(s1s2 + 1/4), (5)
where J(R) ∝ e−2αR is found by substituting symmet-
ri and antisymmetri ombinations into Hamiltonian (4)
(see below).
However, if degeneray of atomi states is higher, the
hoie of orret ombination of two-eletron wave fun-
tions beomes more ompliated. Higher orbital momen-
tum l states of two atoms are degenerate in its proje-
tion m. In this ase, the Wigner-Witmer lassiation of
moleular states in the absolute value of the total an-
gular momentum Λ (and also parity for homo-atomi
moleules) an be used to identify the orret ombina-
tions of loalized wave funtions
10
. The ombination sat-
isfying the required symmetry onstrains, however, an
sometimes be not unique. Or else, suh a lassiation in
ases other than atomi may be ompliated or absent.
We argue that one an simplify the proedure and nd
the orret oeients in the expansion
ψ =
∑
νAνB
(
cνAνBψνAνB + c
(P )
νAνB PˆψνAνB
)
(6)
as well as the energy level splitting in an approah simi-
lar to the seular equation of perturbation theory of de-
generate level. To this end one substitutes (6) into two-
eletron wave equation with the Hamiltonian (4) and uses
HˆψνAνB = E0ψνAνB .
In the next few paragraphs we derive an analogue for
seular equation in this approah. Let us denote the set
of indies νAνB by a single letter n. We start from the
matrix ontinuity equation i~∂tψ
∗
i ψk = −i~∂jik, whih
is a diret onsequene of the Shrödinger equation and
where the probability urrent density
jik = − i~
2m
(ψ∗i ∂ψk − ψk∂ψ∗i ) . (7)
Writing it for ψi = ψn and ψk = ψ from (6) and inte-
grating over the region ζ1 < ζ2, we obtain
(E − E0)
∫
ζ1<ζ2
ψ∗nψd
6r1,2 = −i~
∫
ζ1=ζ2
jn,ψdS. (8)
Here dS = (ζˆ1,−ζˆ2)dζd4ρ1,2, where ρ1,2 are the trans-
verse radii-vetors of the eletrons, is the element of
the median 5-dimensional hyperplane ζ = ζ1 = ζ2 that
bounds the integration region.
Funtions ψn desribe eletrons loalized on dierent
ions, therefore the integral in the left hand side of Eq.
(8) equals cn up to an exponentially small quantity whih
we neglet as being of the same smallness as the energy
splitting E − E0 itself. From (7) we then obtain
(E − E0)cn =
∑
m
∫
ζ1=ζ2
[
(ψm∂ζ12ψ
∗
n − ψ∗n∂ζ12ψm) cm
+
(
Pˆψm∂ζ12ψ
∗
n − ψ∗n∂ζ12 Pˆψm
)
c(P )m
]
dζd4ρ1,2, (9)
where ζ = 12 (ζ1 + ζ2) and ζ12 = ζ1 − ζ2.
Dierentiating the funtions ψm and Pˆψm in this ex-
pression one may retain only derivatives from the rapidly
deaying exponents ψm ∼ e−α(R+ζ12), so ∂ζ12ψm ≈
−αψm, and ∂ζ12 Pˆψm ≈ αPˆψm. In this approximation
the expression in the rst parentheses vanishes and we
arrive at
(E − E0)cn =
∑
m
Jnmc
(P )
m , (10)
with the exhange integral matrix elements given by
Jnm = −2α
∫
ζ1=ζ2
ψ∗nPˆψmdζd
4ρ1,2. (11)
Likewise, starting from the permuted states Pˆψn we
integrate over the region ζ1 > ζ2. Combining the result
with (10), we get(
0 Jnm
Jnm 0
)(
cm
c
(P )
m
)
= (E − E0)
(
cn
c
(P )
n
)
(12)
(the Einstein onvention on summation is implied). Sine
oordinate wave funtions of the triplet states are odd in
eletron interhange (cn = −c(P )n ) and those of the singlet
states are even (cn = c
(P )
n ), eigenvalue equation simplies
to
Jnmcm = ±(E − E0)cn, (13)
where sign plus orresponds to singlet (even) solutions,
sign minus to triplet (odd) ones. We onlude that the
splitting of originally degenerate state |νA〉 ⊗ |νB〉 due to
exhange must be found as eigenvalues of the exhange
integral matrix JνAνB,ν′Aν′B and the oeients in ombi-
nations (6) of loalized wave funtions as orresponding
eigenvetors.
The rest of the Setion is devoted to the details of
evaluation of exhange integrals in atomi ase, whih
will ome useful for treatment of aeptors below. To
alulate JνAνB,ν′Aν′B one needs to know the loalized wave
funtions ψνAνB . We are only interested in asymptoti
dependene of exhange at large R, hene we will nd
ψνAνB in prinipal order in R. As in
5,6
, we seek ψνAνB in
the form
ψνAνB(r1, r2) = χ(r1, r2)ϕνA(r1A)ϕνB(r2B), (14)
where χ is a smooth funtion varying on the sale of
R. Substituting (14) into the Shrödinger equation
4HˆψνAνB = E0ψνAνB , where E0 = −α2 + O(R−6) and
keeping only terms of order R−1 (and thus negleting
the seond derivatives of χ), we obtain[
α (∂ζ1 − ∂ζ2)−
1
R/2− ζ1 −
1
R/2 + ζ2
+
1
R
+
1
r12
]
χ = 0.
(15)
Introduing the new variables ζ = 12 (ζ1+ζ2) and ζ12 =
ζ1 − ζ2, ρ12 = |ρ1 − ρ2|, in whih ∂ζ1 − ∂ζ2 = 2∂ζ12 , the
solution of this equation is
χ = C(ζ, ρ12)

√√
ζ212 + ρ
2
12 − ζ12
(R − ζ12 − 2ζ)(R − ζ12 + 2ζ)e
−ζ12/2R

1
α
,
(16)
where the integration onstant C(ζ, ρ12) must be deter-
mined from the boundary ondition χ → 1 when either
r1 → −R/2 or r2 → R/2.
On the median plane ζ1 = ζ2 = ζ one thus obtains
χ =
(
R
R/2 + |ζ|
√
ρ12
R/2− |ζ|e
|ζ|−R/2
R
)1/α
. (17)
We now substitute (14) into the integrals in exhange
elements (11). Expanding the asymptotis (3): e−αr ≈
e−α(|ζ|+ρ
2/2|ζ|)
, the integrals over transverse oordinates
ρ1,2 aquire the Gaussian form and onverge rapidly on
sale ρ ∼
√
R. We thus need the asymptotis (3) only
in the narrow ylinder ρ ∼
√
R ≪ ζ ∼ R, i.e. at
small polar angles θ from the internulear axis ζˆ hosen
as the quantization axis for orbital momentum. Sine
Y ml (θ, ϕ) ≈ pml θ|m|eimϕ/
√
4π when θ ≪ 1, where
pml =
(−)m+|m|2
2|m||m|!
√
(2l+ 1)
(l + |m|)!
(l − |m|)! , (18)
Eq. (3) may be rewritten as (θ ≈ ρ/|ζ|)
ϕν(r) ≈ Aν√
4π
ρ|m||ζ| 1α−1−|m|e−α(|ζ|+ρ2/2|ζ|)eimϕ, (19)
where Aν = Cνp
m
l for atom A, and Aν = (−1)l−mCνpml
for atom B. The sign multiplier for atom B originates
from the hange of θ to π − θ.
If all m = 0 the exhange matrix elements J may be
evaluated with the help of the substitution
ρ = 12 (ρ1 + ρ2), ρ12 = ρ1 − ρ2, (20)
whih yields
7
JνAνBν′Aν′B = −A∗νAA∗νBAν′AAν′BI(α)R7/2α−1e−2αR, (21)
where
I(α) =
Γ (1/2α)
22+1/αα2+1/2α
∫ 1
0
q3/2α(2 − q)1/2αe−q/αdq.
(22)
For non-degenerate s-states p00 = 1(see (18)), A0 = C0
and the energies of singlet and triplet states are
Es,t = E0 ∓ |C0|4I(α)R7/2α−1e−2αR. (23)
The asymptoti parameter C0 of the atomi funtion
(3) depends on the generally unknown form of the atomi
potential V (r) at small r. For a hydrogen atom in an s-
state C0 = 2, α = 1, I(1) ≈ 0.511 and we regain that
the ground symmetri singlet and exited antisymmetri
triplet terms are separated by
6 2 · 0.818R5/2e−2R.
To nd the hierarhy of exhange splittings in the gen-
eral ase, one needs expressions for J for other values of
m given in the Appendix.
III. EXCHANGE INTERACTION BETWEEN
SHALLOW DONORS
In Ge, Si and some zin blende semiondutors (GaP,
AlSb) several equivalent ondution band minima are lo-
ated in equivalent points of the Brillouin zone, turning
one into eah other under ubi symmetry transforma-
tions. In Ge these are four L-points of intersetion of
third order Λ-axes [111℄ with the Brillouin zone bound-
ary. In Si and III-V semiondutors minima lie on the
three fourth order ∆-axes [100℄ at the X-points (III-V)
on the Brillouin zone boundary or lose to them (Si).
Eletrons in the oaxial pair of valleys in Si are indistin-
guishable, and suh a pair may be onsidered as one with
doubled density of states.
Isoenergy surfaes in the viinity of a minimum num-
bered by the index u are ellipsoids of revolution around
the symmetry axis dˆu, and the eetive-mass tensor has
uniaxial struture
Duij = m
−1
⊥ (δij − dˆuidˆuj) +m−1‖ dˆuidˆuj , (24)
where m⊥,‖ are the transverse and longitudinal eetive
masses of eletrons and dˆui are the diretion osines of
the axis dˆu in a ertain oordinate system. In atomi
units dened now as aB = κ/m⊥e2 and 2Ry = m⊥e4/κ2,
i.e. orresponding to the transverse mass:
Duij = (δij − dˆuidˆuj) + γdˆuidˆuj , (25)
where γ = m⊥/m‖.
Before proeeding to alulation of exhange intera-
tion between ellipti valleys we rst remind several details
about single-eletron ground state that will be important
for the alulation. Ground state energy spans the inter-
val hanging from −2 to − 12 when γ ranges from 0 to 1
(see Fig. 1). γ = 1 orresponds to the spherial sym-
metri ase with the ground state energy Et = − 12 of a
hydrogen-like enter. For γ < 1 ground state energy was
alulated in
15
by variational two-parameter t with the
trial funtion
ϕvar = (πa
2
⊥a‖)
−1/2e
−
√
ρ2/a2⊥+z
2/a2
‖
(26)
5Figure 1: Binding energy of eletron in an elliptial valley with
the transverse to longitudinal mass ratio γ. Solid urve  re-
sult of numerial omputations of the present paper. Dashed
urve  result of variational t with the trial funtion (26).
Solid straight line  approximate adiabati solution (27) near
γ = 0.
(dashed urve in Fig. 1).
Our results of numerial alulations by the method
of dierential sweeping in an innite interval with
singularity
16
are presented in Fig. 1 as solid urve. The
wave funtion was sought in the form of the expansion
in L = 40 rst Legendre polynomials in polar angle θ
with respet to the axis dˆu. The ut-o at L = 40 of the
indenite basis annot aet notieably the auray of
alulations until the ratio of harateristi longitudinal
and transverse length sales γ1/2 beomes omparable or
less than the minimal sale ∼ L−1 of the trunated ba-
sis. For that reason we have not plotted the numerial
urve E‖(γ) down to γ → 0, where larger and larger ba-
sis would be required. However, an approximate solution
may be found in an adiabati approah
15
:
E‖ ≈ −2− 4α′0 3
√
2γ, (27)
where α′0 ≈ −1.02 is the rst root of the derivative Ai′
of the Airy funtion. This expression is shown in Fig. 1
as solid straight line.
At large distanes from impurity the wave funtion of
a loalized state with E‖ = −α2/2 asymptotially falls
o as
ϕ ≈ A(θ)r˜q/α−1e−αr˜, (28)
−R/2 R/2
d
θ ζ
d
θ
ξ
η
Figure 2: Frame (ξˆ, ηˆ, ζˆ) for alulation of exhange between
two ellipti valleys with the same dˆ. The ζˆ-axis onnets the
two enters.
where r˜ = |r˜i|, r˜i = D−1/2ij rj and D−1/2ij = (δij − dˆidˆj) +
γ−1/2dˆidˆj . We introdued
q2(θ) ≡ D−1ij ζˆiζˆj = sin2 θ + γ−1 cos2 θ, (29)
where θ is the angle between ζˆ and dˆ.
In real semiondutors several degenerate ellipti val-
leys with dierent dˆu (dˆu along the rotation axis of the el-
lipsoid) ontribute, generally speaking, to the wave fun-
tion and hene to the exhange energy. Before addressing
the ompliations due to the valley degeneray, onsider
rst two donors in a hypotheti tetragonal semiondu-
tor with only one ellipti valley allowed by symmetry.
We assume again the two-eletron wave funtion to have
the form (14), where, however, the two single-eletron
funtions ϕνA(r1A), ϕνB(r2B) should now be found from
solution of the Shrödinger equation for an ellipti val-
ley. Proeeding as above, from a bilinear kineti energy
Dij∂i∂j we obtain instead of Eq. (15)[
−
(
D1ij
∂1iϕA
ϕA
∂1j +D2ij
∂2iϕB
ϕB
∂2j
)
− (30)
− 1
R/2− ζ1 −
1
R/2 + ζ2
+
1
R
+
1
r12
]
χ = 0.
At large distanes r ≈ ζζˆ along the ζˆ-diretion r˜ ≈
q(θ)|ζ|, where q(θ)is from (29), and then from (28) obtain
−Dij∂je
−αr˜
e−αr˜
= α
ri
r˜
≈ α
q(θ)
ζ̂i sgn ζ. (31)
In the oordinate system hosen the angles θ are equal
for the two impurity enters (see Fig. 2). Hene (30)
redues to (15) with α→ α/q(θ). This substitution also
gives the new expression for the matrix elements J to
replae (11). Also the two-eletron wave funtions (14)
in expression (11) now ontain single-eletron funtions
orresponding to ellipti valleys.
To alulate J we now follow the sheme presented in
Setion II for atoms. To expand the exponents in the
single-eletron wave funtions we supplement the inter-
impurity axis ζˆ with perpendiular axes ξˆ and ηˆ so that
dˆ = ζˆ cos θ+ ξˆ sin θ and expand r˜ in the small ratios ξ/ζ
6and η/ζ up to seond order
r˜ ≈ q|ζ|
[
1 +
( 1γ − 1) sin θ cos θ
q2
ξ
ζ
+
η2
2q2ζ2
+
ξ2
2γq4ζ2
]
.
(32)
Applying this expansion to the sum r˜1A + r˜1B of the ex-
ponents we substitute ζ with ζ± = ζ ± R/2. Sine for
the eletrons loated between the ions −R/2 < ζ < R/2:
|ζ±| = ±ζ±, terms linear in ξ in (32) anel eah other.
Hene like in atomi ase we are left with the Gaus-
sian integrals over transverse oordinates ρ1 = (ξ1, η1)
and ρ2 that deouple from the integral over ζ. By the
substitution (20) the Gaussian integrals redue to a single
integral over the polar angle ϕ12 of ρ12:
S(θ) =
1
2π
∫ 2pi
0
dϕ[
sin2 ϕ+ cos2 ϕ/γq2
]1+ q
2α
. (33)
In the spherially symmetri ase γ = q = 1 the integral
S(θ) = 1.
Calulating matrix element (11) gives eventually
J = −(4π)2√γA4(θ)S(θ)I(α, q)R7q/2α−1e−2αqR, (34)
where
I(α, q) =
Γ (q/2α) q3+q/2α
22+q/αα2+q/2α
∫ 1
0
t3/2α(2− t)1/2αe−qt/αdt.
(35)
and the integration variable in (35) t = 1 − 2ζ/R. For
two spherially symmetri (γ = 1) atoms with angular
momentum projetion m = 0 the asymptoti oeient
A(θ) = A/
√
4π (see (19)) and Eq. (34) redues to (21)
as it should.
In addition to nding the binding energy we have also
arried out numerial alulation of single-eletron wave
funtions to obtain asymptotis (28) and exhange inte-
grals (34) using the dierential sweeping method
16
. The
preexponents of the exhange integrals, J(R)e2αqR, are
presented in Fig. 3 for γ = 0.1, 0.4, 0.7, and 1, and for
θ = 0, π/6, π/4, π/3, and π/2 (from top to bottom)
for eah γ. In the interval of inter-enter separations
1 < R < 10 aessible for numerial evaluation the de-
pendene of preexponents on R is approximately linear
in double logarithmi sale with the slope agreeing well
with 7q/2α− 1 whih follows from (34).
Returning now to realisti semiondutors, reall that
degenerate valleys have dierent anisotropi dependene
for the deay of the wave funtion of loalized eletron.
For an arbitrary orientation of the axis onneting two
donor enters the main ontribution to exhange inter-
ation omes from the wave funtion omponents orre-
sponding to the pair of valleys with the slowest deay,
ontributions of the other pairs being exponentially sup-
pressed. In other words, among all the elements
〈uv|J |u′v′〉 ∼ e−α[q(θu)+q(θv)+q(θu′)+q(θv′ )]R/2, (36)
we an, with the auray up to exponentially small
terms, keep only the elements between suh states u that
1
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1
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1
102
104
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Figure 3: Preexponents of exhange integrals between ground
states of eletrons loalized in ellipti valleys vs. donor enter
separation for four values of γ = 0.1, 0.4, 0.7, and 1. For
eah value of γ ve urves are plotted for dierent angles
between the preferred diretion of the ellipti valley and the
inter-enter axis: θ = 0, pi/6, pi/4, pi/3, pi/2 (from top to
bottom). In the spherial symmetri ase γ = 1 exhange
does not depend on θ.
the exponent in (36) is minimal: 〈uu|J |uu〉 ∼ e−2αq(θu)R.
Therefore, for any arrangement of impurity enters ex-
ept for high symmetry diretions the eletron exhange
is predominantly aused by the overlap of the wave fun-
tion omponents from valleys with dˆA = dˆB, whih
means that the term splitting is orretly desribed by
Eq. (34).
The relative position of the two donors being hanged,
rossover between the pairs of valleys ontributing the
most into the exhange matrix element (36) ours
26
.
These onsiderations are not hanged if one takes into
aount the lifting of the inter-valley degeneray of a sin-
gle enter by the short-range part of the impurity poten-
tial (entral-ell orretion). The ground state in this
ase is the non-degenerate symmetri ombination of the
funtions (1)
15
ψg(r) =
1√
Γ
Γ∑
u=1
ϕu(r)ψu(r), (37)
7where ψu(r) ∝ eikur are the Bloh funtions at the mini-
mum of the ondution band loated at k = ku, and Γ is
the number of the partiipating valleys (6 in Si, 4 in Ge,
and 3 in III-V ompounds).
Considering the Bloh funtions osillate rapidly on
atomi sale muh smaller than the eetive Bohr radius,
exhange interations between the states (37) may be
seen to be
3
Jg ≈ 1
Γ2
Γ∑
u,v=1
〈uv|J |uv〉ei(kv−ku)R. (38)
If we average over the rapidly osillating exponential
terms, we get
Jg ≈ 1
Γ2
Γ∑
u=1
〈uu|J |uu〉, (39)
whih shows that the exhange between the symmetri
ground states of multi-valley donors for any arrange-
ment exept along high symmetry diretions is desribed
by Eq. (34) with the asymptoti parameter A(θ) →
A(θ)/
√
Γ.
Conluding this Setion, we disuss briey the pre-
vious study of exhange interation between donors
3
.
In the ited paper, the anisotropy of the exponential
dependene of exhange interation for ellipti valleys
was ompletely ignored by substituting the expression
for isotropi atomi exhange. Whereas, e.g., for Si
γ = m⊥/m‖ ≈ 0.21, and hene q(θ) (29) in the ex-
ponent of the exhange interation ∝ e2αq(θ)R hanges
from γ−1/2 ≈ 2.2 for θ = 0 to 0 for θ = π/2. Besides,
in Ref.
3
the Heitler-London approximation was used, the
approah proved inorret in alulating the preexponen-
tial fators at large distanes. On the other hand, we ob-
tained exat asymptoti expressions for the dependene
of the exhange interation on the valley parameter γ and
the mutual orientation of donors θ.
IV. ASYMMETRIC EXCHANGE
INTERACTION (DONORS)
In semiondutors without enter of inversion symme-
try, suh as III-V or II-VI ompounds, spin-orbital inter-
ation for donors aquires the form
17,18
Hˆso = h(−i∂)sˆ. (40)
Wave funtion of a single eletron annot be represented
as a produt of spin and oordinate omponents any
more. An approah with the expansion (6) is nevertheless
appliable after suitable adjustments
19
.
In the presene of spin-orbital Hamiltonian (40) spin
projetion no longer ommutes with the total Hamil-
tonian, but the two-fold (Kramers) degeneray of the
ground state remains. Index numbering this degeneray
may be inluded into the full set ν of indies desribing
a single-eletron state. The permutation operator Pˆ in
(6) now interhanges both spin and oordinate variables
of the eletrons.
Correspondingly, the provision for the total wave fun-
tion ψ (6) to be antisymmetri in eletron permutation:
ψ = −Pˆψ, leads to cνAνB = −c(P )νAνB .
For simpliity we will restrit ourselves to donors in
II-VI and III-V semiondutors where besides being a
Kramers doublet single-eletron state on a donor is not
otherwise degenerate. Then ν will stand for the Kramers
index.
In bulk zin-blende semiondutors
17,18
hx(k) =
αso√
2Eg
kx(k
2
y − k2z) (41)
and hy(k) and hz(k) are obtained by permutation in (41).
Here Eg is the band gap in atomi units and αso is a
phenomenologial parameter. For GaAs Eg ≈ 1.43 eV
(in atomi units this yields Eg ≈ 113 under the radial
sign in (41)) and αso ≈ 0.07.
For small spin-orbital interation the spinor single-
eletron wave funtions are
ϕβν (r) ≈ ϕ0(r)(eiα
2
h(rˆ)rσ/2)βν , (42)
where ϕ0(r) = e
−r/
√
π is the hydrogeni ground state
wavefuntion and rˆ = r/r. The phase fator turns into
unity when r → 0. Thus the Kramers index takes on
the meaning of the spin projetion of an eletron on the
enter ν =↑, ↓.
Two-eletron wave funtions have now to be sought as
solutions of the Hamiltonian
Hˆ = − 12∂21 − 12∂22 + Hˆso1 + Hˆso2 − 1/r1A − 1/r2B
− 1/r2A − 1/r1B + 1/r12 + 1/R. (43)
in the form (17)
ψαβνAνB(r1, r2) = χ
αα′,ββ′(r1, r2)ϕ
α′
νA(r1A)ϕ
β′
νB(r2B), (44)
with χαα
′,ββ′
onverting to δαα
′
δββ
′
when either r1A → 0
or r2B → 0. The prinipal terms in spin-orbital intera-
tion are inluded into denition (42), and the equation
for χαα
′,ββ′
turns out to oinide with (15). Therefore
χαα
′,ββ′ = χδαα
′
δββ
′
with χ from (14).
Similarly to (10) we get
(E − E0)cνAνB =
∑
ν′
A
ν′
B
JνAνBν′Aν′Bc
(P )
ν′
A
ν′
B
, (45)
where
JνAνBν′Aν′B = −2
∫
ζ1=ζ2
ψ∗νAνBψν′Bν′Adζd
4ρ1,2
= J(R)(e−iγσ/2)νAν′B(e
iγσ/2)νBν′A . (46)
The exhange integral J(R) = −0.818R5/2e−2R5,6 and
γ = h(ζˆ)R.. (47)
8Absolute value |γ|/2 plays the role of angle of rotation of
eletron spin around the axis γˆ when it tunnels between
eah of the enters A and B and the median plane. Using
c(P )νAνB = −cνAνB ≡ − 12 (σνAν′AσνBν′B + δνAν′AδνBν′B)cν′Bν′A .
(48)
we nally arrive at the equation (E − E0)c = Hˆexc for
the oeients cνAνB , with the Hamiltonian
19
Hˆex = − 12Je−iγ(σ1−σ2)/2 (σˆ1σˆ2 + 1) (49)
≡ − 12J
[
σˆ1
←→
R (γ)σˆ2 + 1
]
≈ − 12J [σˆ1σˆ2 + 1− γ (σˆ1 × σˆ2)] ,
where the Pauli matries σˆ1 and σˆ2 at in the spae of
the Kramers indies, and
←→
R (γ) is the three-dimensional
rotation matrix on the angle γ around the axis γˆ.
In the absene of spin-orbital interation (40) the angle
|γ| = 0 and we return to the exhange Hamiltonian (5)
as expeted.
In this Setion we have onsidered the expansion of
spin-orbital interation (40) in bulk III-V semiondu-
tors, where (40) begins with the third power in momen-
tum. Analogously, one an study spin-orbital interation
linear in momentum whih appears in redued symme-
try or dimensionality (in lms or at the surfae). All the
derivation inluding the expression (47) for angle γ re-
mains intat. The ase of linear spin-orbital interation
has also been studied dierently in Ref.
20
.
V. DEGENERATE BANDS (ACCEPTORS)
As we will see later, alulation of the exhange inter-
ation between two shallow aeptor enters has muh in
ommon with the problem of two hydrogen atoms eah in
a state with non-zero momentum disussed in Setion II
and in the Appendix. However, the analogy is not om-
plete, the alulations beome laborious and we have not
performed them fully. In what follows we only determine
the sign of the exhange interation. More preisely, it
is shown that the magneti moment in the ground state
of a pair of aeptors equals zero.
We begin this Setion by rst reviewing the properties
of a single aeptor enter.
Without taking spin-orbital interation into aount
the valent band of typial semiondutors (Ge, Si, III-V)
would be six-fold degenerate at the point k = 0. Spin-
orbital interation splits the valent band into a two- and
four-fold degenerate bands separated by a gap. If the
spin-orbital splitting is large with respet to the binding
energy of an aeptor, the two-fold degenerate band an
be negleted. For k 6= 0 the four-fold degeneray of the
upper-lying band is lifted and two two-fold bands of light
and heavy holes are formed. Their energy spetrum ǫ(k)
quadrati in k is known to depend on the diretion of
the quasimomentum kˆ through three invariants of the
Oh point symmetry group so that surfaes ǫ(k) = const
are slightly warped spheres.
As is known, the spetrum in the viinity of k = 0
is determined by three Luttinger parameters γ1, γ2 and
γ3. In pratie, two of them are lose γ2 ≈ γ3 = γ and
the dispersion relation is simply ǫ = k2/2ml,h, where
ml,h = m0/(γ1 ± γ) are the eetive masses of the light
and heavy holes. In this so alled spherial approxima-
tion the Shrödinger equation for the four-omponent en-
velope hole wave funtion ϕα is given by (2) with the
eetive mass tensor
Dij =
1
m0
[
γ1δij − γ
({JiJj} − 13J2δij)] , (50)
where J is the 4×4 matrix of the pseudospin operator
J = 32 and {JiJj} = 12 (JiJj + JjJi).
It is onvenient to rewrite (50) using atomi units aB =
κ/mhe
2
and 2Ry = 1/mha
2
B:
Dij =
1
1− µ
[
δij − µ
({JiJj} − 13J2δij)] . (51)
Here
µ =
γ
γ1
=
mh −ml
mh +ml
. (52)
In the limit of equal masses mh and ml the four
omponents of ϕα in (2) deouple, eah satisfying the
Shrödinger equation for a hydrogen atom with the
ground state energy Eh = −1/2 for orbital momentum
L = 0. In the general ase mh > ml aeptor states
may be lassied
21,22,23
by the total angular momentum
F = J+ L and its projetion mF :
|FmF 〉 =
∑
L
∑
mJ ,mL
〈mJmL|FmF 〉|JmJ 〉|LmL〉, (53)
where 〈mJmL|FmF 〉 are the Clebsh-Gordan oeients
and mJ + mL = mF , |LmL〉 = RL(r)Y mLL (rˆ), Y mLL (rˆ)
are the spherial harmonis and |JmJ〉 is a olumn in
the pseudospin index with one non-zero omponent at
mJ . The summation over L for a given F runs over all
suh values that |L− J | ≤ F ≤ L+ J .
Substituting (53) into (2) with (51) results in the
Sturm-Liouville problem on the energy Eh and the un-
known radial funtions RL(r). The ground state turns
out to be four-fold degenerate with F = 32 (It is, in fat,
the only state with possible L = 0, hene it beomes the
orret ground state in the limit mh = ml). In this state
only the radial funtions RL(r) with L = 0 and 2 turn
out to be oupled:(
∂2r +
2
r∂r −µ
(
∂2r +
5
r∂r +
3
r2
)
−µ (∂2r − 1r∂r) ∂2r + 2r∂r − 6r2
)(
R0
R2
)
(54)
+2(1− µ) (Eh + 1r )(R0R2
)
= 0
Numerial solution
23
of this equation shows that Eh
hanges from − 12 at µ = 0 (mh = ml) to ≈ − 29 in the
9limit µ → 1 (mh ≫ ml). Thus the binding energy is
determined by the sale of the heavy mass. At large r
(54) yields
(1− µ)(∂2r + 2Eh)(R0 +R2) = 0, (55)
(∂2r + 2Ehml/mh)(R0 −R2) = 0, (56)
whih shows that for mh ≫ ml the sum of the two fun-
tions falls o on the sale 1/
√
2|Eh| orresponding to the
heavy holes, i.e. muh faster than their dierene, falling
o on the sale determined by the light holes. Then at
large r24 R0 ≈ −R2 ∝ e−αlr with
αl =
√
2|Eh|ml/mh. (57)
The four degenerate wave funtions of the ground state
(53) in the asymptoti region lose to the axis ζˆ onnet-
ing the impurities (hosen as the quantization axis for
the orbital momentum L) are
ϕ 3
2
(r) = −R0(r)
√
3
4π
θeiϕ| 12 〉,
ϕ 1
2
(r) =
R0(r)√
π
(
| 12 〉 −
√
3
2 θe
−iϕ| 32 〉
)
, (58)
ϕ− 1
2
(r) =
R0(r)√
π
(
| − 12 〉+
√
3
2 θe
iϕ| − 32 〉
)
,
ϕ− 3
2
(r) = R0(r)
√
3
4π
θe−iϕ| − 12 〉.
Here the four unit olumns |JmJ〉 = | ± 3/2〉, | ± 1/2〉
form the basis in the pseudo-spin 3/2 spae, and we have
left only terms up to rst order in the small polar angle
θ (f. Eq. (18)).
Proeeding now to the alulation of exhange inter-
ation, we onstrut asymptotially orret basis of the
diret produt of the ground states on two enters in the
form
ψαβ
mAFm
B
F
(r1, r2) = χ
αγ,βδ(r1, r2)ϕ
γ
mAF
(r1A)ϕ
δ
mBF
(r2B).
(59)
The total two-eletron wave funtion ψ is again sought
in the form (6), where the ondition cmAFmBF = −c
(P )
mAFm
B
F
is required for the wave funtion ψ to be antisymmetri
in partile permutation. Equation on χ is obtained by
substitution of this form into the two-hole Hamiltonian:
αl(D
αα′
ij ζˆi∂1jχ
α′γ,βδ −Dββ′ij ζˆi∂2jχαγ,β
′δ) +
+
[
− 1
R/2− ζ1 −
1
R/2 + ζ2
+
1
R
+
1
r12
]
χαγ,βδ = 0,(60)
where we used the asymptotis ∂iϕ ≈ −αlϕ∂ir =
−αlϕζˆi sgn ζ at large r = ζˆ|ζ| (f. (30)).
We neglet the derivatives of χ over transverse oordi-
nates as they are, as before, of higher order in 1/R (the
validity of this approximation is veried by dierentiat-
ing the resulting expression for χ).
Moreover, in the spherial approximation we onsider,
the hole Hamiltonian is invariant under transformations
from the spherial point symmetry group Kh and not
only from Oh. Therefore, in this approximation, axis ζˆ
onneting the aeptor enters may be hosen as the
quantization axis of the moments J, L and F, and the
problem aquires some resemblane with the hydrogen
problem studied in Setion I.
In partiular, the equations (60) on χ deouple from
eah other:
αl(D
αα′
zz ∂ζ1χ
α′γ,βδ −Dββ′zz ∂ζ2χαγ,β
′δ) +
+
[
− 1
R/2− ζ1 −
1
R/2 + ζ2
+
1
R
+
1
r12
]
χαγ,βδ = 0,(61)
beause matries Dαα
′
zz and D
ββ′
zz are diagonal:
Dzz =
 1 0 0 00 mh/ml 0 00 0 mh/ml 0
0 0 0 1
 ,
as an be easily seen using the expliit form of the pseudo-
spin matrix Jz. Together with the boundary ondition
χαγ,βδ → δαγδβδ when either r1 → −R/2 or r2 → R/2,
this equation yields solution for χαγ,βδ diagonal in eah
pair of band indies. i.e. only the elements with α = γ,
β = δ are non-zero.
Beause of suh diagonal struture, the one-hole fun-
tions in the elements of the exhange integral matrix
JmAFmBFmAF ′mBF ′ = −2αl
∑
αβ
∫
ζ1=ζ2
(
χαα,ββ
)2
(62)
×ϕαmAF (r1A)ϕ
β
mBF
(r2B)ϕ
α
mAF
′(r2A)ϕ
β
mBF
′(r1B)dζd
4ρ1,2.
At integrating wave funtions (58) over transverse o-
ordinates in (62) eah θ will produe an additional small-
ness R−1/2 as we have seen in Setion I. In prini-
pal order we may hene leave only funtions ϕ± 1
2
(r) ≈
R0(r)|± 12 〉/
√
π (eah of them has also only one non-zero
pseudospin omponent).
The 16×16 diagonal matries Dαα′zz δββ
′
before ∂ζ1 and
δαα
′
Dββ
′
zz before ∂ζ2 in (61) do not generally oinide for
α 6= β, and hene equations for all the elements of χ
annot be simply solved in terms of ζ12 as was done in
atomi ase. Nevertheless, to alulate (62) in main order
we only need ϕ± 1
2
as we explained above. Equations (61)
on χ for the omponents ϕ± 1
2
do redue to (15) with α→
αlmh/ml. We thus arrive to a omplete analogy with the
problem of exhange between two hydrogeni enters in
the ground state, i.e. degenerate only over projetion
of spin
1
2 . In this analogy loalized wave funtions are
R0(r)/
√
π and the role of the projetion of spin 12 is
played by mF spanning the trunated subspae ± 12 .
We may, therefore, at one give the asymptotially or-
ret terms: the ground state will be the singlet
1√
2
(ψ + Pˆψ)
1√
2
(| 12 ,− 12 〉 − | − 12 , 12 〉) (63)
10
and the exited state will be the triplet
1√
2
(ψ − Pˆψ)

| 12 , 12 〉
1√
2
(| 12 ,− 12 〉+ | − 12 , 12 〉)
| − 12 ,− 12 〉
, (64)
where ψ = χR0(r1A)R0(r2B)/π and χ is given by (17)
with α = αlmh/ml.
Energies of the singlet and triplet states are E0 ±
J(R) respetively, where for the exhange splitting we
obtain
J = −ml
mh
Γ
(
1
2α
)
2
3
α−2R3−
1
2α
α2+
1
2α
e−2αR
×
∫ 1
0
P 2
[
R
2 (1 + t)
]
P 2
[
R
2 (1− t)
]
(1 + t)
3
2α−2(1 − t) 12α−2 e
t−1
α dt, (65)
where P (r) is dened as P (r) = R(r)e2αR with R(r)
from numerial solution. For two atoms, when ml = mh,
αl = α and the preexponent P (r) = Ar
1/α−1/2, Eq. (65)
redues to (21).
Asymptotis R0(r) ≈ R2(r) = R(r) used to obtain
J(R) unfortunately sets in too far (R > 10) and we have
not evaluated (65) numerially.
Similar to the hydrogen moleule problem the two
states found, (63) and (64), with energies split by the
amount of 2J(R) (65) represent only the ground and
the most exited states. Energies of all the other two-
enter states are dened by smaller exhange integrals
and will have exhange splitting O(R−1J(R)), i.e. at
large R these terms will lie between the rst two.
As for the magneti moment of a single aeptor enter,
it is proportional to F with the g-fator25 g ≈ 0.76. We
see immediately that the ground state of two aeptor
enters is non-magneti as is the ase with hydrogeni
atoms and donors.
VI. ROLE OF MAGNETIC FIELD
To omplete the above disussion, we briey review
the impat of external magneti elds. Strong magneti
eld squeezes eletron wave funtions in ross diretion
reduing their overlap. Therefore, major hanges ome
already in exponential fators, and one may use well-
known results for the asymptoti behavior of hydrogeni
wave funtions in magneti elds.
Uniform magneti eld H = H zˆ with the vetor po-
tential A(r) = 12H× r results in an additional magneti
paraboli potential in the Shrödinger equation for the
ground state[
−1
2
∂2 − 1
r
+
ρ2
8
(
aB
aH
)4]
ϕ = EHϕ, (66)
where a2H = ~c/|e|H is the magneti length. In weak
magneti elds aB ≪ aH magneti potential is weak in
the region of loalization r ∼ aB, and EH ≈ − 12 . High
magneti elds aB ≫ aH loalize an eletron in the trans-
verse diretions muh stronger than Coulomb potential
does, and the binding energy grows logarithmially with
magneti eld EH = − 12 ln2(aB/aH)2.
Exponential tails of loalized eletron wave funtion in
magneti eld have the following form (see
24
and refer-
enes therein). For a weak eld (aH ≫ aB) there are two
asymptoti regions with dierent dependenies of ϕ(r).
Rather lose to the zˆ axis, 1 ≪ r ≪ (aH/aB)2, wave
funtions fall o as
ϕ ∝ exp−r
[
1 +
ρ2
24
(
aB
aH
)4]
, (67)
whereas at large r≫ (aH/aB)2 as
ϕ ∝ exp−
[
|z|+ ρ
2
4
(
aB
aH
)2]
. (68)
In strong magneti elds (aH ≪ aB) the rst asymptoti
region is absent and exponential tail of the wave funtion
is given by
ϕ ∝ exp−
[
|z| ln
(
aB
aH
)2
+
ρ2
4
(
aB
aH
)2]
. (69)
The hange in the longitudinal asymptotis (eld along
the diretion onneting two enters) ompared to (68)
is due to the hange of the binding energy (and hene, of
the loalization length) with magneti eld.
From these formulas we observe that appliation of
magneti eld parallel to the inter-enter axis does not
hange the form of the exponential dependene of ex-
hange integrals. At the same time, eld perpendiu-
lar to the axis hanges exponential asymptotis either to
slightly orreted atomi one
e−2R(1+R
2(aB/aH )
2/6)
(70)
for 1≪ R≪ (aH/a2B) in weak elds, or to
e−R
2(aB/aH )
2
(71)
for R ≫ (aH/a2B) in weak elds and for all R ≫ 1 in
strong elds.
We onlude that magneti eld drastially hanges
already the exponential dependenies, and we thus will
not study the behavior of the pre-exponential fators.
VII. SUMMARY
We have alulated exat asymptoti form of exhange
interation between shallow impurity enters in semion-
dutors at large separations generalizing the methods of
the theory of hydrogeni moleules.
11
We found that the ground state of a pair of impurity
enters is always non-magneti. In other words, the ex-
hange interations between enters have the antiferro-
magneti sign.
The essene of the method that we use is the onstru-
tion of a seular equation with the matrix omprising ex-
hange integrals between all the degenerate single-enter
states. The exhange integrals are expressed as the prob-
ability urrent through the hyperplane in the oordinate
spae of two eletrons that separates two regions of their
loalization on the enters. The exhange integrals are
alulated with wave funtions at the hyperplane or-
reted for the Coulomb interation between eletrons and
alien ions in prinipal order in inverse inter-enter sepa-
ration R−1.
Exhange integrals between dierent degenerate single-
enter states may have dierent order in R−1. The main
exhange integrals dene the energy of the lowest and
the highest split terms with the remaining terms lying in
between. To alulate the latter the exhange integrals
in the next approximation would be neessary. However,
the proedure simplies for atoms if one uses symmetry
onsiderations to restrit the basis of degenerate states on
eah enter to only those that are allowed by symmetry
to onvert to a given term.
In semiondutors we have onsidered degeneray of
single-enter states both in valley index (donors) and in
the band spetrum near k = 0 (aeptors). For eletrons
loalized on donors alulation of exhange interation
redues to evaluation of exhange integrals between the
omponents of the wave funtions from dierent pairs
of valleys. Depending on the relative position of the two
donors in the ubi lattie, rossover from one pair of val-
leys to another takes plae at high-symmetry diretions.
The dependene of exhange integrals on valley param-
eters and on the orientation of the valleys with respet
to the axis onneting the two enters was alulated nu-
merially.
We have also evaluated the asymptoti form of the
asymmetri (Dzyaloshinskii-Moriya) exhange intera-
tion for donors.
The problem of exhange interation between two a-
eptors simplies onsiderably in the spherial approx-
imation when it aquires resemblane with hydrogeni
moleules. We have developed the omplete proedure
for alulation of exhange in spherial approximation,
but have restrited ourselves to the sign of the intera-
tion only. As in the ase of a hydrogen moleule, the
ground state of a pair of aeptors turned out to be non-
magneti. For a detailed alulation of the exhange in-
teration numerial solution of the wave equation of an
aeptor enter at very large distanes would be required,
whih was not possible to do in the numerial sheme we
used.
The inuene of external magneti eld on the strength
of exhange interation was also briey disussed. Ex-
petedly, magneti eld aets already the exponential
dependene due to stronger loalization of eletron on a
enter in the presene of magneti eld.
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Appendix A: HIERARCHIC STRUCTURE OF
MOLECULAR TERMS
In this Appendix we present asymptoti expressions
for exhange integrals between higher orbital momentum
l atomi states. Preexponents of these integrals ontain
R in dierent degrees dependent on the projetions m of
l for the two atoms. We show how exhange integrals
(and hene eletroni terms) of higher than leading order
in R−1 may be found by restriting the basis of single-
atom wave funtions to only those allowed by symmetry
to partiipate in a given moleular term.
The matrix elements (11) for arbitrary l were onsid-
ered in Ref.
11
in the most general ase of dierent bind-
ing energies of the two atoms. However, these general
formulas were umbersome and were not brought to ex-
pliit answer
27
. Below we ite our results for the ase of
equal binding energies:
JνAνBν′Aν′B = − (Iα+ + Iα−)A∗νAA∗νBAν′AAν′B
× R 72α−1−
m+
2 e−2αR, (A1)
where
Iα± =
Γ (1/2α)
23+
1
α−
m+
2 α2+
1
2α+
m+
2
K(2α,m1,m2,∆m)
×
∫ 1
0
(1− y) 32α±
m−
2 (1 + y)
1
2α∓
m−
2 e
y−1
α dy (A2)
and
m+ = |mA|+ |m′A|+ |mB|+ |m′B|
m− = |mA|+ |m′A| − (|mB|+ |m′B|) ,
m1 = |mA|+ |m′B|,
m2 = |m′A|+ |mB|,
∆m = |mA −m′B|. (A3)
The four-fold integral
K (2α,m1,m2,∆m) =
2α
π221/2αΓ (1/2α)
∫
ρ
1/α
12 ρ
m1
1 ρ
m2
2
×e−ρ21−ρ22 cos [∆m(ϕ1 − ϕ2)] d2ρ1d2ρ2 (A4)
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Figure 4: Constants J1(α) and J2(α) from Eq. (A7).
may be alulated analytially. First three integrals are
K(2α, 0, 0, 0) = 1,
K(2α, 2, 0, 0) = 1 + 1/4α, (A5)
K(2α, 1, 1, 1) = −1/4α.
(See also
11
).
We observe from Eq. (A1) that the matrix elements for
transitions between states with dierent m have dierent
degrees of R in the preexponents. Sine in all the alu-
lations we have omitted all but the leading terms in R−1,
seular equation (13) is valid only up to the auray of
the matrix element with the highest preexponent.
In the omplete basis of all the degenerate atomi
states the prinipal matrix element in R−1 is the one
with minimal m+ = 0, i.e. between the states with
mA = mB = m
′
A = m
′
B = 0 (21). It orresponds to
one of the moleular Σ states. With the auray up to
this element, matrix JmAmBm′Am′B is trivial with only one
nite element J0(R) at mA = mB = m
′
A = m
′
B = 0. So,
at large R moleular terms are arranged as follows: the
ground singlet Σ state with the energy E0 − |J0(R)|, the
triplet exited Σ term E0 + |J0(R)|, and the other terms
with energy is E0 +O(R
−1J0(R)).
One an resolve the energies of those terms by restrit-
ing the basis of degenerate atomi funtions to only those
that by symmetry an onvert to the moleular term with
given Λ = |mA +mB| = |m′A +m′B|.
Beause of the angular momentum projetion onser-
vation mA +mB = m
′
A +m
′
B the next minimal m+ = 2
will be for the matrix element between the states with
one of mA, mB = 1, the other zero. Suh atomi states
(and only them) onvert to moleular Π states, whih
thus will have splitting R7/2α−2e−2αR. Arranging the
four states in the following order |mAmB〉 = |0, 1〉, |1, 0〉,
singlet
triplet
singlet
triplet
jJ
1
j + J
2
jJ
1
j   J
2
 jJ
1
j + J
2
 jJ
1
j   J
2
j01i   j10i +
^
P j01i  
^
P j10i
j01i + j10i  
^
P j01i  
^
P j10i
j01i + j10i +
^
P j01i +
^
P j10i
j01i   j10i  
^
P j01i +
^
P j10i
E   E
0
0
1
Figure 5: Sketh of the energy level splitting of p-states
of hydrogeni atoms under exhange interation in diatomi
moleule (in units of
1
4
|Cl|
4(2l + 1)2l(l + 1)R7/2α−2e−2αR).
|0,−1〉, | − 1, 0〉, we nd that the matrix JmAmBm′Am′B is
J =
1
4
|Cl|4(2l+ 1)2l(l + 1)R7/2α−2e−2αR
×
 J2 J1 0 0J1 J2 0 00 0 J2 J1
0 0 J1 J2
 , (A6)
where
J1 = − 1
α
(
2 +
1
2α
)
I(α),
J2 =
Γ (1/2α)
23+
1
αα4+
1
2α∫ 1
0
e
y−1
α (1− y) 32α−1(1 + y) 12α−1(1 + y2)dy.(A7)
These onstants are plotted as funtions of α in Fig. 4.
Matrix (A6) has two doubly-degenerate eigenvalues
J2 ± J1 ≡ J2 ∓ |J1|. Hene eight-fold degenerate two-
eletron state will split into four doubly-degenerate o-
ordinate states loated in the order shown in Fig. 5.
The orret ombination of two-eletron wave funtions
onverting into moleular terms are presented in Fig. 5
for the total projetion of the orbital momentum L = 1.
The seond degenerate state with L = −1 for eah term
is given by substitution of 1 with −1 in the two-eletron
wave funtions.
Note that unlike the energy level splitting of s-terms,
the lowest energy term of the two atoms eah in a p-
state turns out to be spin-triplet while the most exited
 spin-singlet.
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